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Abstract. For a normed linear space {X, \\ ■ \\) and p > we characterize all n-tuples 
{^i, ■ ■ ■ , fin) G I^" for which the generalized triangle inequality of the second type 

Ml 

holds for any xi, - ■ ■ ,Xn € X. We also characterize (/ii, • ■ • G R" for which the 

reverse of the inequality above holds. 



1. Introduction 

The triangle inequality is one of the most significant inequalities in mathematics. It has 
many interesting generalizations, refinements and reverses, which have been obtained over 
the years, see [1, 2, 3, 4, 5, 6] and references therein. The generalized triangle inequalities 
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2 CHARACTERIZATION OF A GENERALIZED TRIANGLE INEQUALITY 

are useful to study the geometrical structure of normed spaces, see e.g. [7, 8, 9]. In this 
direction some results have been based on the triangle inequality of the second type 

\\x + < 2{\\xr + Wyf) 

in a normed linear space, see [10, 11, 12] for more information about this inequality. 
In framework of Hilbert spaces the Euler-Lagrange type identity (see [13]) 

\\xf \\yf \\ax + byf \\iybx - ^layf 2 , ,2n 

\ ^ = ^ {X = fia + uh ) 

jj, u A A/iz/ 

follows the more general triangle inequality of the second type (see [12]) 

\\ax + hy\\^ ^ ^ 



A jJL V 

where A = ^a? + and A/iz/ > 0. Also Takahasi et al. [12] investigate the inequality 

\\ax + hyY ^ \\xY WvV ^ ^^ 



A n u 

for p > 1. We should notice that one can assume that A = ±1 by dividing the both sides 
of (1.1) by |A| as well as a 7^ 0, 6 7^ since if, e.g. a = 0, then fj, can be suitably chosen 
arbitrary. By replacing x and y by ^ and | and changing /i and ly accordingly, inequality 
(1.1) turns into < + W_ 

In this paper, for a normed linear space (X, || ■ ||) and p > we characterize all n-tuples 
(/ii, ■ ■ ■ , iXn) £ IR" for which the generalized triangle inequality of the second type 

1 1 1 



\\XI + --- + Xnf < ^^ + --- + 

Ail A^n 

holds for any xi,---,Xn G X. We also characterize (//i,-- - , //„) € M" for which the 
reverse of the inequality above holds. 

2. Main results 

We need the following three lemmas which generalize some results due to Takagi et 
al. [1 1, Theorem 2.1, Lemma 2.2 and Theorem 2.3]. Let us first recall the concept of an 
envelope. 

An envelope of a family of surfaces is a surface that is tangent to each member of 
the family at some point. Let ^ be an (n — l)-parameters family of surfaces in M" 
given by F(ai, ■ ■ ■ , a„; Si, ■ ■ ■ , Sn-i) = depending on real parameters Si, ■ ■ ■ , and 
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variables Oil , ■ ■ ■ , CLji. The envelope of is the set of points (ai, • • • , a„) G for which 
the following equations hold: 

F(ai, ■ ■ ■ , a„; Si, ■ ■ ■ , s„_i) = , 

dsi ' 



^5 (ai, ■ ■ ■ , a„; si, ■ ■ ■ , s„_i) = {I < i < n - 1) 



Lemma 2.1. Suppose that p > 1, S = {{si, ■ ■ ■ , s„) : Si, ■ ■ ■ , s„ > 0, XlILi ~ ^^^^ 

/ip(ai, ■ ■ ■ , a„,_i) = (^1 - Z]r=i j for oi,--- , a„_i > wi/i XlLi < 1- ^^r 

eac/i (si, ■ ■ ■ , s„) G S*, /et 

Lp{si, ■■ ■ ,Sn) := {(oi, ■ ■ ■ , a„) : ais? H h a„s5^ = 1} , 

Ap(si, ■ ■ ■ , s„) := {{ai, ■■■ ,an): ais? H h a^s^ > 1} . 

r/ien the following assertions hold: 

(i) If ^ = {Lp(si, ■ ■ ■ , s„) : (si, ■ ■ ■ , s„) G S}, t/ien i/ie envelope of S£ is given by a„ = 
hp{ai, ■ ■ ■ , On-i); 

(ii) Pi Ap(si,--- = {(ai,--- ,a„): a„ > /ip(ai,--- ,a„_i)}. 
Proof, (i) Putting 

F(ai, ■ ■ ■ , a„; si, ■ ■ ■ , s„_i) = ais{ H h a„,_is^_i + a„(l - (si H h s„_i))p - 1, 

we can consider ^ as a family of (n — l)-parameters of surfaces as follows: 



=5? — {Lp(si, ■ ■ ■ , Sn) : (si, ■ ■ ■ , s„,) G S} 

n 

= |{(ai,--- ,a„): OiS^ H h a„< = 1}: Si,--- ,Sn > 0,^Sj = l| 

= |{(ai, ■ ■ ■ , a„) : Oisf H h a„_is^_i + a„(l - (si H h s,i_i))^ = 1} : 

2=1 

n-1 

= |{(ai, ■ ■ ■ , On) : F{ai, ■ ■■ , a„; Si, ■ ■ ■ , = 0} : Si, ■ ■ ■ , s„_i > 0, ^ Sj < l| 

i=l 

The envelope of is given by the solutions of the following simultaneous equations: 
F(ai, ■ ■ ■ , a„; Si, ■ ■ ■ , s„_i) = , 

dF 
dsi 



^^(ai,--- ,a„;si,--- = (1 < z < n - 1) . (2.1) 
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Equations (2.1) yield 

paiS^r' - par,il - {si + ■ ■ ■ + s,,_^)Y-' = {1 < i < n - 1) (2.2) 

It must be Si 7^ for all i = 1, ■ ■ ■ ,n — 1. Indeed, if sj = for some 1 < j < 
n — 1, then aiSi = ■■■ = a„_is„_i = a„(l — J27=i ^iY ^ = by (2.2). So that 
F(ai, ■ ■ ■ , a„; si, ■ ■ ■ , Sn-i) = —1, which contradicts (2.1). Moreover, by the same way, it 
must be Yl^=i < 1- 
From (2.2) we get 

a„(l-(si + --- + s„^i))P"^ ,^ , . , 
ai = — T (l<«<n-l). (2.3) 

Si 

Using (2.3), equation (2.1) turns into 



a„Si(l - (si H h Sn-i)y'^ H h anSn-i(l - (si H h S„_i))^"^ 

+a„(l-(si + --- + s„_i))P-l = 0, 

or equivalently we get 

1 



(l-(si + --- + s„_i))^'-i 

From (2.3) and (2.4) we get 



(2.4) 



ai = ^ il<t<n-l). (2.5) 



We note that Si,--- ,Sn-i > and Y17=i < 1 if and only if ai,--- , a„_i > and 

En— 1 
i=l ' 

to get 



1 

Yli=i ^i^^ < 1- Now we remove the parameters Si, ■ ■ ■ , in equations (2.4) and (2.5) 



1 



1 



£11/ V 0,n-l 



J_ 1 \ \ 

I I ^ 



_ _____ +--- + a„_i 

1 \ I /' 1 \ 



n-l , \ 



1-^a/M = /ip(ai, ■ ■ • ,a„_i) . 



(ii) It is not difficult to check that the function hp is strictly convex and thus the domain 
{(ai, ■ ■ ■ , ttn) : a„ > hp{ai, - ■ ■ , a„_i)} is a strictly convex set in the Euchdean space M". 
Now the result follows from part (i). □ 
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Lemma 2.2. Let p > 1 and Q C ■ ■ ■ , s„) : si, ■ ■ ■ , s„ > 0, Y17=i — 

Dp{Q) := {(ai, ■ ■ ■ , a„) : ai, ■ ■ ■ , a„ > 0, aiS^ H h a^s^ > 1 for all (si, ■ • ■ , s„) G 11}. 

T/ien the following assertions hold: 

(i) {(ai, ■ ■ ■ , a„) : a„ > hp{ai, ■■■ , a„_i)} C Dp{Q) ; 

(ii) // S* C f2 where Q is the usual closure of Q, then Dp{Q) = {(ai,-- - , a„) : a„ > 
/ip(ai, ■ ■ ■ ,an-i)} . 

Proof, (i) By Lemma 2.1 (ii) it is sufficient to show that 

Let ( ) G Pi Ap(si,--- , s„) and (ti,--- ,tn) ^ ^ be arbitrary. We can 

easily find (ri, ■ ■ ■ , r„) G 5" such that rj < (1 < z < n) whence airf + • • • + a„r^ < 
ai^? H h a„t^. 

Also from (ai, ■ ■ ■ , G P| Ap(si, ■ ■ ■ , s„) we get air^ + h a„rJJ > 1. 

Thus ttit^ + ■ ■ ■ + a„t^ > 1 whence (ai, ■ ■ ■ , a„) G -Dp(r2). 
(ii) By (i) and Lemma 2.1 (ii) it is sufficient to show that 

Dp{n)<Z Pi Ap(si,--- ,s„). 

(si,--- ,s,i)e5 

Let (ai, ■ ■ ■ , ttn) G i5p(f2) and (si, ■ ■ ■ , s„) G S*. There exists a sequence {(ti^m, ■ ■ ■, ^n,m)}m 
in satisfying (ti^m, ■ ■ ■ 5^n,m) — > (^i, ■ ■ ■ , s„) as m — )■ oo, or equivalently — ^ Sj 
as m — )■ oo (1 < ^ < ri), since S* C ^2. 

Now (ai, ■ ■ ■ , a„) G DpiVL) implies that ait\,^ + ■ ■ ■ + (intnm > 1 ("i G N). Getting limit 
as m — )• oo, it follows that ais^ + ■ ■ ■ + a„s^ > 1. 

Hence (ai,--- ,a„) G f] Ap(si, ■ ■ ■ , s^). □ 

(si,--- ,s,i)es 

Next, we identify Dp{Q) when < jo < 1. 

Lemma 2.3. Let < p < 1, Q C {(si, ■ ■ ■ , s„) : Si, ■ ■ ■ , Sn > 0, ^"^^ Si > 1} and Dp{Q) 
be as in Lemma 2.2. Then the following assertions hold: 

(i) {(ai, ■ ■ ■ , a„) : ai > 1, ■ ■ ■ , a„ > 1} C £'p(l^); 

(ii) // {ci, ■ ■ ■ , e„} C Vt where {ei, ■ ■ ■ , e„} zs t/ie standard basis o/R", i/ien 
Dp(fi) = {(ai, ■ ■ ■ , a„) : ai > 1, ■ ■ ■ , a„ > 1}. 
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Proof, (i) Let ai > 1, ■ ■ ■ , a„ > 1 and (si, ■ ■ ■ , s„) G ^2 be arbitrary. First we show that 
sl + --- + sP^>l. 

Case 1. Let Si < 1 for alH = 1, • • • ,n. 

It follows that Sj < for alH = 1, ■ ■ ■ , n, whence si H — ■ + s„ < H — ■ + s^- Also from 

(si, ■ ■ ■ , s„) G we get si H h s„ > L Thus H \- sP>1. 

Case 2. Let Sj > 1 for some 1 < j < n. 

We can easily obtain that + ■ ■ ■ + > > 1. 

Now we observe that aisf + ■ ■ ■ + a„s^ > + ■ ■ ■ + > 1. Hence (ai, ■ ■ ■ , «„) G Dp(f2). 
(ii) By (i) it suffices to show that Dp{Q) C {(«!,■ ■■ , a„) : oi > I,-- - ,a„ > 1}. Let 
) G -Dp(f2) and A; G {1, ■ ■ ■ ,n}. There exists a sequence {{si^m, ' ' , Sn,m)}m=i 



in Q satisfying (si. 



mi 1 •^n,m ] 



Cfc as m 



oo, or equivalently s^.. 



1 and 



■5«,m — > as m — )■ oo (/ G {I,-- - ,n} \ {/c}), since {ei,--- , e„} C Also from 
(ai,--- ,a„,) G Dp{il) we get ais^^ + ■■■ + flnS^m > 1 (m G N). Taking limit as 



m 



oo, it follows that > L 



□ 



Let {X, II ■ II) be a normed space and p > 0. Our main aim is to a characterize all 
n-tuples (/ii, ■ ■ ■ , G M" satisfying 



or its reverse 



llxi 



IP ^ bil 



x„,F < """" H h ' (xi, ■ ■ ■ ,x„ G X) 



(2.6) 



^1 



(xi, ■ ■ ■ ,x„ G X) 



(2.7) 



We put 

F(p) = <((/ii,---,/i„)GM'^: 

and 



E 



1=1 



< 



E 



1 



for all Xi, ■ ■ ■ , x„ G X 



E 

i=l 



X', 



> 



E 



Xi 



1 f^i 



for all Xi, • • ■ , Xn G X > . 



Also for each k = 0,1, ■ ■ ■ ,n we correspond F{p ; A;) {G{p ; k), resp.) as the subset of 
F{p) {G{p), resp.) consisting of all n-tuples (/xi, ■ ■ ■ , fin) £ 1^" for which inequality (2.6) 
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((2.7), resp.) holds and exactly k numbers of /ii, ■ ■ ■ are negative. We note that 



F{p) =[jFip; k) 



k=0 



and 



G{p) =[jG{p; k) 



f2.8) 



(2.9) 



fc=0 



In the next two theorems we characterize F[p). First we consider the case where p > 1. 

Theorem 2.4. Let (X, || ■ ||) he a normed space and p > 1. Then the following assertions 
hold: 

(i) F{p ;0) = |(/xi,--- ,/i„): /ii,- ■■ > and Er=i/^i"' < 1 

(ii) F{p ■,k) = 0, for all k = 1, ■ ■ ■ , n; 

(iii) F{p) = F{p;0). 

Proof. Let Hi, - ■ ■ , //^ be arbitrary positive numbers for which 



Ixi H h XnV < 



\Xi\\P 



Xr 



(xi, ■ • ■ e X) 



^1 Atn 

1 

Putting Xi = jJ'i'^ X (for some x ^ and for alH = 1, ■ ■ ■ , n) we get 



,p-i 





1 


p 


1 




p 


p-1 




/in X 




< - 




- + ■■■ + - 







/Xj^ X H \- Hn X 

1 1 

or equivalently we obtain yu["^ + ■ ■ ■ + ^n'^ < 1 because of p > 1. 

1 1 

Conversely, if /Ui, ■ ■ ■ , /i„ > and fi^'^ + ■ ■ ■ + fXn'^ < 1, then the desired inequality is 
deduced from following inequalities: 

\\xi + --- + xJP < (llxill + ••■ + ||x„||)P 

Xl 



/if 



+ ■ ■ ■ + /x^ 



/X 



< 



1 /llrdlP 



+ 



/in 



^ II II _|_ _|_ II "^^n II 



1^1 fJ'n 

We note that the second inequality follows from the well-known Holder inequality. 

(ii) Let (/Xl, ■ ■ ■ , fin) G F{p ; A;) for some k = 1, ■ ■ ■ ,n. There exists 1 < j < n such that 
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fij < and inequality (2.6) holds. 

Putting Xi = (z G {1, ■ ■ ■ , n} \ {j}) and Xj 7^ in inequality (2.6) we obtain WxjW^ < 
■li^^. This is a contradiction since u,- < 0. 

(iii) It follows from (i), (ii) and (2.8). □ 

Theorem 2.5. Let {X, \\ ■ ||) be a normed space and < j> < 1. Then the following 
assertions are valid: 

(i) F(p;0) = (0,l]x---x(0,l]; 

(ii) F{j) ■,k) = 0, for all k = 1, ■ ■ ■ , n; 

(iii) F{p) = F{p;0). 

Proof (i) Let /ii, ■ ■ ■ , /in be arbitrary positive numbers. We observe that inequality (2.6) 
holds if and only if 

n II IIP 

y — M > ^ ^2.10) 

fliWxi + ■ ■ ■ + Xn\\P ~ 

for all G X for which ^17=1 7^ 0. Putting 

^ = I ( ujin^^^ II ^ ■ • • ) II jln"^^ 11 ) : Xi, ■ ■ ■ e X, 7^ 

[ V II Z^i=l IIZ^i=l^i|l/ 

we get C {(si,--- ,s„): Si,-- - ,s„ > 0, XlLi ^ l}' {ei,--- ,e„,} C 1] C 

p 

and inequality (2.10) turns into Y17=i]r — ^ (■^i,--- , s^) G fi, or equivalently 

(^, ■ ■ ■ , ^) G il'p(f2). From Lemma 2.3 we deduce that /Xj < 1 for alH = 1, ■ ■ ■ , n. 

(ii) It is similar to the proof of Theorem 2.4 (ii). 

(iii) It follows from (i), (ii) and (2.8). □ 

Now we want to characterize G{p) for any p > 0. The next theorem deals with the case 
where p > 1. 

Theorem 2.6. Let {X, || ■ ||) be a normed space and p > 1. Then the following hold: 

(i) G{p ; k) = , for all k = 0, ■ ■ ■ ,n - 2; 

(ii) G{p-n-l) 

= I (ah, ■ ■ ■ , A^n) : 3 j = 1, ■ ■ ■ , n ; /ij > 0, /ii < (2 7^ j) and /ij"' > 1 + ELi.i^i 

(iii) G{p ■,n) = R' X ■ ■■ X R~ , where M" = {t G M : t < 0}; 

(iv) G{p) = G{p;n-l)U G{p ; n) . 
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Proof, (i) Let (/ii,-- - G G{p ;k) for some k = 0, ■ ■ ■ ,n — 2. Thus there exist 

ii) J2 G {1, ■ ■ ■ 5 '^j such that /ijj, /ij2 > (ji 7^ ^2) and also inequahty (2.7) holds. Setting 
Xi = {i e {1, ■ ■ ■ ,n} \ {^1,^2}) in inequality (2.7) we have 

||x,,+x,,r > ^^ + ^^. (2.11) 

Also we can consider xj-^^xj^ G ^ for which Xj-^ + — and {xj-^^Xj^ ) ^ (0,0). Thus 

inequality (2.11) implies that 1 — — < 0, which is a contradiction. 

(ii) Let (/ii,--- , jjn) £ satisfy fij > for some j = I,-- - ,n and < for all 
ie {!,■■■ ,n}\{j}. 

We observe that inequality (2.7) holds if and only if 

2^ \nJ\\T.A\P^ Wr.AlP 



for all Xi, ■ ■ ■ , a:„ G X, Xj 7^ 0. 

Putting l]={(|^,...,fe^,fet|l,...,ll£^, € ^" : ^1, • • • , x„ G X, X, ^ 0} 

we have f2 C |(si, ■ ■ ■ , s„) : Si, ■ ■ ■ , s„ > 0, XliLi Si>l},'S'Cf2Cfi and inequality 
(2.12) turns into 

I »P I I L J^oP _L,,.oP>l 

l/^n| 

for all (si, ■ ■ ■ , Sn) G fi, or equivalently 

f ri' ■ ■ ■ ' r^' r^' ■ ■ ■ ' ri' /^^l ^ • (^.is) 

From Lemma 2.2 and (2.13) we deduce that 



fij > hp 

that is 



1^1 1 I/^' 



/^.> . (2.14) 



By a straightforward calculation the following inequality follows from (2.14). 

^i" >1+ 5^ 

(iii) It is trivial. 

(iv) It easily follows from (i), (ii), (iii) and (2.9). □ 
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Theorem 2.7. Let {X, || ■ ||) be a normed space and < p < 1. Then the following hold. 

(i) G{p ■,k) = 0, for all k = 0, - ■ ■ , n - 2; 

(ii) Gip;n-1) = 

\ (/"I, ■ ■ ■ ,/"n): 3 j = 1, ■ ■ ■ fij>0, fii<0 {ij^ j) and fij > max {1, I ; 

[ ,n}\{J} ) 

(iii) G{p ]n) = R- X ■■ ■ X M"; 

(iv) = G(p ; n - 1) U G{p ; n) . 

Proof, (i) It is similar to the proof of Theorem 2.6 (i). 

(ii) Let (/ii, ■ ■ ■ , G satisfying /Xj > for some j = 1, ■ ■ ■ , n and /ij < for aU 
z e {I,-- - 

Putting ^={(^r--,^,^,---,j{^, "^l^r" ) e : xi, • ■ ■ , € X, X, ^ O} 
we have C {(si, ■ ■ ■ , s„) : Si, ■ ■ ■ , s„ > 0, XlILi ■Sj > 1} and {ei, ■ ■ ■ , e„} C C fi. 
Passing the proof of Theorem 2.6 (ii) we observe that lEILi^ilT — Yl^=i 
Xi , ■ ■ ■ , G X if and only if 



From Lemma 2.3 we deduce that 



'I I ' ' 



Hj>l and fij>\fii\ {i e {!,■■■ ,n}\{j}). 
or equivalently we get /ij > max {1, 

- ,n}\{j} 

(iii) It is trivial. 

(iv) It follows from (i), (ii), (iii) and (2.9). 

Corollary 2.8. Suppose that {X, \\ ■ ||) is a normed space and p > 0. Let 



i/(p):=|(/ii,---,/^n)GM": 

Then the following assertions hold: 
(i) If p > 1, then 

H{p) = F{p)r\-F{P) 



i=l 



Xi 



< 



i=l 



for all Xi , ■ ■ ■ , x„ G X 



(/ii, ■ ■ ■ , /i„) : either /ii, ■ ■ ■ , ^„ > or /ii, ■ ■ ■ , /i„ < as w;e// as 



□ 



1=1 



(ii) //O <p< 1, t/ien //(p) = (0, 1]" U [-1,0)^ 
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Proof. One can easily observe that 

H{p) = {F{p) n -G{p)) U i-F{p) n Gip)). 

Now (i) follows from Theorems 2.4 and 2.6 and (ii) follows from Theorems 2.5 and 2.7. □ 

The special cases of our results in the case where n = 2 and p > 1 give rise to some of 
main results of Takahasi et al [12, Theorems 1.1 and 4.1]. 
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